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1 General problem

Dynamics

xk+1 = fk(xk, uk, wk), k = 0, ..., N − 1

• k: discrete time index, or stage;
• N : given time horizon;
• xk ∈ Sk: system state vector at time k;
• uk ∈ Uk: control input vector at time k;
• wk: random disturbance vector at time
k, conditionally independent with all prior
xl, ul, wl, l < k. The conditional probability
distribution of wk is known given xk, uk;
• fk(·, ·, ·): function capturing system evolution

at time k.

Cost function

gN (xN )︸ ︷︷ ︸
terminal cost

+

N−1∑
k=0

gk(xk, uk, wk)︸ ︷︷ ︸
stage cost︸ ︷︷ ︸

accumulated cost

1.1 Control strategies

Open-loop

Given an initial state x0, find a fixed sequence of
control inputs U = (u0, ..., uN−1) that minimizes
the expected cost:

E
(X1,W0|x0)

[
gN (xN ) +

N−1∑
k=0

gk(xk, uk, wk)

]

Closed-loop

Define

uk =µk(xk), uk ∈ Uk, k = 0, ..., N − 1,

π :=(µ0(·), ..., µN−1(·)),

where π is called admissible policy. Given an ini-
tial state x0, the expected cost is now:

Jπ := E
(X1,W0|x0)[
gN (xN ) +

N−1∑
k=0

gk(xk, µk(xk), wk)

]

Let Π be the set of all admissible policies. We
seek the the optimal policy π∗ with the optimal
cost :

J∗ := Jπ∗ (x) ≤ Jπ(x) ∀π ∈ Π, ∀x ∈ S0.

1.2 Discrete states

If xk takes on discrete values or is finite, we usu-
ally express the dynamics in terms of transition
probabilities:

Pij(u, k) := Pr(xk+1 = j|xk = i, uk = u)

= pxk+1|xk,uk
(j|i, u),

where pxk+1|xk,uk
(·|·, ·) denotes the PDF of xk+1

given xk and uk. This is equivalent to the dynam-
ics:

xk+1 = wk

where wk has the following probability distribu-
tion:

pwk|xk,uk
(j|i, u) = Pij(u, k)

Conversely, given xk+1 = fk(xk, uk, wk) and
pwk|xk,uk

(·|·, ·), then

Pij(u, k) =
∑

{w̄k|fk(i,u,w̄k)=j}
pwk|xk,uk

(w̄k|i, u),

that is, Pij(u, k) is equal to the sum over the prob-
abilities of all possible disturbances w̄k that get us
to state j from state i with control input u at time
k.

1.3 DPA

Principle of optimality

If π∗ = (µ∗0(·), ..., µ∗N−1(·)) is an optimal policy,

then the truncated policy π = (µi(·), ..., µN−1(·))
minimizes the cost from stage i to N .

This provides the intuition as to why the control
inputs selected by the following algorithm consti-
tute the optimal policy:

1. Initialization

JN (x) = gN (x), ∀x ∈ SN

2. Recursion

Jk(x) := min
u∈Uk(x)

E
(wk|xk=x,uk=u)

[gk(xk, uk, wk) + Jk+1(fk(xk, uk, wk))] ,

∀y ∈ Sk, k = N − 1, ..., 0.

2 Infinite Horizon Problems

Consider the same problem as before, but with
time-invariant state evolution and stage costs:

xk+1 = f(xk, uk, wk),∀xk ∈ S, uk ∈ U ,

cost =

N−1∑
k=0

g(xk, uk, wk).

Assuming the cost converges as N →∞, problem
simplifies to finding the optimal stationary policy
by means of the Bellman Equation (BE):

J(x) = min
u∈U(x)

E
(w|x=x,u=u)

[g(x, u, w) + J(f(x, u, w))] , ∀x ∈ S

2.1 SSP

The Stochastic Shortest Path problem is a class
of problems for which solving the BE yields the
optimal cost-to-go and stationary policy.

Dynamics

Given a finite set S and U(x) for all x ∈ S, con-
sider the finite state, time-invariant system:

xk+1 = wk, xk ∈ S,
Pr(wk = j|xk = i, uk = u) = Pij(u), u ∈ U(i)

Terminal state

In order for the cost to be meaningful, there must
be a terminal state, designated as 0, with:

P00(u) = 1 and g(0, u, 0) = 0, ∀u ∈ U(0).

We assume there is at least one proper policy, and
that improper policies will have infinite cost for at
least one starting state. For a policy to be proper,
there must be at least one m for which

Pr(xm = 0|x0 = i) > 0, ∀i ∈ S.

2.2 Discounted problems

Consider an SSP with no explicit termination
state and a cost discount factor α ∈]0, 1[:

J̃π̃(i) = E
(X̃1,W̃0|x̃0=i)

[
N−1∑
k=0

αk g̃(x̃k, µ̃k, w̃k)

]

We can convert this problem to an SSP by adding
a virtual termination state.
State: xk ∈ S = S̃ ∪ {0}
Control: U(xk) = Ũ(xk), U(0) = {stay}
Dynamics: xk+1 = wk where ∀u,∀i, j:

pw|x,u(j|i, u) = Pij(u) = αP̃ij(u),

pw|x,u(0|i, u) = Pi0(u) = 1− α,

pw|x,u(j|0, stay) = P0j(stay) = 0,

pw|x,u(j|i, u) = P00(u) = 1.

Cost: ∀uk, ∀xk, wk

g(xk, uk, wk) =
1

α
g̃(xk, uk, wk),

g(xk, uk, 0) = 0,

g(0, stay, 0) = 0.

From this we can derive the Bellman Equation
for the original problem:

J∗(i) = min
u∈Ũ(i)

q(i, u) + α
n∑
j=1

P̃ij(u)J∗(j)

 , ∀i ∈ S̃

q(i, u) =

n∑
j=1

P̃ij(u)g̃(i, µk(i), j)

2.3 Solving the BE

Value Iteration (VI)

Given any initial conditions V0(·), the follow-
ing sequence converges to the optimal cost J∗(·)
which uniquely solves the BE, and the correspond-
ing u for each i constitute the optimal policy:

Vl+1 = min
u∈U(i)

q(i, u) +
n∑
j=1

Pij(u)Vl(j)


∀i ∈ S+ = S \ {0}

q(i, u) := E
(w|x=i,u=u)

[g(i, u, w)]

Policy Iteration (PI)

0. Initialize with a proper policy.
1. Policy evaluation: ∀i ∈ S+,

Jµh (i) = q(i, µh(i)) +

n∑
j=1

Pij(µ
h(i))Jµh (j)

2. Policy improvement: ∀i ∈ S+,

µh+1(i) = arg min
u∈U(i)

q(i, u) +

n∑
j=1

Pij(u)Jµh (j)


Repeat 1 and 2 until Jµh+1 (i) = Jµh (i) ∀i

Linear Programming (LP)

The solution to the following optimization pro-
gram solves the BE:

maximize
∑
i∈S+

V (i)

subject to V (i) ≤ q(i, u) +

n∑
j=1

Pij(u)V (j),

∀u ∈ U(i), ∀i ∈ S+
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3 Shortest paths

SP problem

Consider a graph with vertices V and weighted
edges C. Qs,t is the set of possible s, t paths, and
a path Q has cost JQ. We seek the path with low-
est cost Q∗ = arg minQ∈Qs,t

JQ. For this problem

to have a solution the graph may not contain neg-
atives cycles: ∀i ∈ V, ∀Q ∈ Qi,i : JQ ≥ 0.

DFS problem

A Deterministic Finite State is a problem like the
general case, but without wk and where each Sk is
finite. A closed loop approach offers no advantage
in a deterministic problem, but we can still solve
it with DPA.

DFS to SP

A DFS problem can be converted to an SP prob-
lem by creating a “layered” graph with layers k =
0, ..., N+1. The first layer only contains the node
(0, x0) and is the starting position. Nodes in lay-
ers k = 1, ..., N have nodes (k, xk), xk ∈ Sk. Con-
nections are between consecutive layers k → k+ 1
and have weights

c = min
u∈Uk(xk)|xk+1=fk(xk,uk)

gk(xk, u)

The final layer contains just a virtual termination
state t, and connections N → N + 1 are weighted
with terminal costs gN (xN ).

SP to DFS

Since there are no negative cycles, an optimal
s, t path will have at most |V| elements. We
set ci,i = 0 and formulate the problem as an
N = |V| − 1 stage DFS:
• S0 = {s}, Sk = V \ {t}, SN = {t}
• Uk = V \ {t}, UN−1 = {t}
• xk+1 = uk, uk ∈ Uk, k = 0, ..., N − 1
• gk(xk, uk) = cxk,uk , gN (t) = 0

3.1 LCA

The SP problem can be solved more efficiently
with the Label Correcting Algorithm for a single
starting node.
0. Place node s in OPEN, set ds = 0, dj = ∞∀j ∈
V \ {s}.

1. Remove node i from OPEN and run step 2 for
every child j of i.

2. If di + ci,j < dj and di + ci,j < dt set dj =
di + ci,j and set i as the parent of j. If j 6= t,
put j in OPEN.

3. Repeat from step 1 while OPEN 6= ∅.

Traversal order

• Depth-first: always remove the newest element
of OPEN;
• Breadth-first: always remove the oldest element

of OPEN;
• Best-first: always remove the element with low-

est cost di.

3.2 A* algorithm

Perform LCA, and at each step 2, formulate some
lower bound hj ≥ 0 of the j, t distance. Then
change the condition di + ci,j < dt to di + ci,j +
hj < dt.

3.3 HMMs and Viterbi algorithm

Consider a Markov chain: S = {1, ..., n} finite
and pwk|xk given,

xk+1 = wk, xk ∈ S,
Pij := pw|x(j|i), ∀i, j ∈ S.

When a state transition occurs, we obtain mea-
surements

Mij(z) := pz|x,w(z|i, j), z ∈ Z.

Note that, given xk and xk−1, zk is independent
of all prior variables.

Defining Xi = (xi, ..., xN ) and Zi =
(zi, ..., zN ), we wish to find:

X̂0 = arg max
X0

p(X0|Z1)

p(X0, Z1) = ... = p(x0)
N∏
k=1

Pxk−1xkMxk−1xk (zk)

This problem is solved by the SP problem:

min
X0

(
c(s,x0) +

N∑
k=1

c(k−1,xk−1),(k,xk)

)

where

c(s,x0) =

{
− ln(p(x0)) if p(x0) > 0
∞ if p(x0) = 0

c(k−1,xk−1),(k,xk) =


− ln(Pxk−1xkMxk−1xk (zk))
if Pxk−1xkMxk−1xk (zk) > 0

∞ otherwise

This is a “layered” graph where each node rep-
resents a state x at time k. An artificial terminal
node is added, connected to by layer k = N at
zero cost.

4 Deterministic continuous time

ẋ(t) = f(x(t), u(t)), 0 ≤ t ≤ T

u(t) = µ(x, t), u(t) ∈ U ,∀t ∈ [0, T ], ∀x ∈ S

Jµ(t, x) = h(x(T )) +

∫ T

0
g(x(τ), u(τ))dτ

Assumption: for any admissible control law
µ, initial time t and initial condition x(t) ∈ S,
there exists a unique state trajectory x(τ) that
satisfies

ẋ(τ) = f(x(τ), u(τ)), t ≤ τ ≤ T

4.1 HJB Equation

The Hamilton-Jacobi-Bellman equation is a suffi-
cient but not necessary condition for optimality.
If V (t, x) is a solution to

min
u∈U

[
g(x, u) +

∂V

∂t
+
∂V

∂x
f(x, u)

]
= 0

∀x ∈ S, 0 ≤ t ≤ T
s.t. V (T, x) = h(x) ∀x ∈ S

then it is the optimal cost-to-go function, and
the minimizing µ(t, x) is an optimal feedback law.

4.2 Minimum principle

Assumption: f, g, h ∈ C1 in x
Pontryagin’s minimum principle: for a given
i.c. x(0) = x ∈ S, let u(t) be an optimal control
trajectory with associated state trajectory x(t).
Then there exists a trajectory p(t) such that with
H(x, u, p) := g(x, u) + p>f(x, u):

ṗ(t) = −
∂H

∂x

∣∣∣∣>
x(t),u(t),p(t)

, p(T ) =
∂h(x)

∂x

∣∣∣∣>
x(T )

u(t) = arg min
u∈U

H(x(t),u, p(t))

H(x(t), u(t), p(t)) = const. ∀t ∈ [0, T ]

Fixed terminal state: Replace p(T ) =
∂h(x)
∂x

∣∣∣>
x(T )

with x(T ) = xT .

Free initial state: instead of x(0) = x0, a
cost l(x(0)) is given. Add the condition: p(0) =

∂l
∂x

∣∣∣>
x(0)

.

Free terminal time: we get
H(x(t), u(t), p(t)) = 0 ∀t ∈ [0, T ]

Time-varying system and cost: if f and/or
g depend on t, we lose that H = const.

5 Non-standard problems

Some problems are not in the general (discrete-
time) form, but can be reformulated as such.

5.1 Time lags

If the dynamics have a similar form: xk+1 =
fk(xk, xk−1, uk, uk−1, wk) we can contruct a state
vector x̃k = (xk, yk, sk) and modify the dynamics:

x̃k+1 = f̃k(x̃k, uk, wk) :=

fk(xk, yk, uk, sk, wk)
xk
uk


5.2 Correlated Disturbances

Disturbances wk correlated over time can some-
times be modeled as

wk = Ckyk+1, yk+1 = Akyk + ξk

Where Ak and Ck are given and ξk, k = 0, ..., N−
1 are independent random variables. Then we can
augment the state as x̃k := (xk, yk) and update
the dynamics:

x̃k+1 = f̃k(x̃k, uk, ξk) :=

[
fk(xk, uk, Ck(Akyk + ξk))

Akyk + ξk

]

5.3 Forecasts

wk is independent of xk and uk, and we get a
forecast yk that wk will attain a distribution from
a given family {pwk|yk (·|1), ...pwk|yk (·|m)}. If
yk = i, then wk ∼ pwk|yk (·|i). The forecast it-
self has a given a priori distribution:

yk+1 = ξk

where ξk ∼ pξk (i) are independent random vari-
ables.

Augmented state vector: x̃k := (xk, yk), dis-
turbance w̃k := (wk, ξk) with distribution

p(w̃k|x̃k, uk) = p(wk|yk)p(ξk)

Dynamics:

x̃k+1 = f̃k(x̃k, uk, w̃k) :=

[
fk(xk, uk, wk)

ξk

]
The DPA then becomes:

JN (x̃) = JN (x, y) = gN (x), x ∈ SN , y ∈ {1, ...,m}
Jk(x̃) = Jk(x, y) = min

u∈Uk(xk)
E

(wk|yk=y)[
gk(x, u, wk) +

m∑
i=1

pξk (i)Jk+1(fk(x, u, wk), i)

]
∀x ∈ Sk, ∀y ∈ {1, ...,m}, ∀k = N − 1, ..., 0.
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